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On the Creation of Scalar Particles in a Flat Robertson-Walker
Space-time
S. Haouat∗ and R. Chekireb
LPTh, Department of Physics, University of Jijel,
BP 98, Ouled Aissa, Jijel 18000, Algeria.
The problem of particle creation from vacuum in a flat Robertson-Walker space-
time is studied. Two sets of exact solutions for the Klein Gordon equation are
given when the scale factor is a2 (η) = a + b tanh (λη) + c tanh2 (λη). Then the
canonical method based on Bogoliubov transformation is applied to calculate the pair
creation probability and the density number of created particles. Some particular
cosmological models such as radiation dominated universe and Milne universe are
discussed. For both cases the vacuum to vacuum transition probability is calculated
and the imaginary part of the effective action is extracted.
PACS numbers: 03.65.Pm , 03.70.+k , 04.62.+v
I. INTRODUCTION
As we know there is no well defined theory of quantum gravity and the quantization
of gravitational fields is one of unsolved problems in theoretical physics. Therefore the
straightforward way to treat gravitational effects is the quantum field theory in curved
space-time which proved most fruitful in describing interaction of matter with gravity and
finding physically meaningful quantities [1–5]. The quantum field theory in a curved space
is the first approximation of quantum gravity where the gravitational field described by
the metric of the space-time is treated as classical field and the matter is described by
quantum fields which propagate in such a gravitational field. It is well known also that the
most significant prediction of this theory is the phenomenon of particle creation from the
vacuum. Generally in curved space-time it is difficult to define a physical vacuum state for
the quantum field and when this vacuum state is defined in the remote past it is usually
unstable so that it may differ from the vacuum state in the remote future, and spontaneous
creation of particles occurs .
The importance of particle production by gravitational fields comes from the diversity of
its applications in contemporary cosmology; Particle creation effects could have consequences
for early universe cosmology and could play a role in the exit from inflationary universe and
in the cosmic evolution [6–10]. The application of this phenomenon in black hole physics,
such as Hawking radiation, is also well known [11].
In order to study the phenomenon of particle creation in gravitational fields we found in
literature several techniques such as the adiabatic approach [12–14], the Hamiltonian diago-
nalization method [15–20], the Green function approach [21, 22], the Feynman path integral
technique [23, 24], the ”in” and ”out” states formalism [25–28] as well as the semiclassical
∗Electronic address: s haouat@univ-jijel.dz
2WKB approximation [29–33]. In addition we cite the technique based on vacuum to vacuum
transition amplitude and Schwinger-like effective action [34, 35].
The aim of this paper is to study the creation of scalar particles in a flat Robertson-Walker
space-time provided with metric of the form
ds2 = dt2 − a2 (t) (dx2 + dy2 + dz2) (1)
In terms of conformal time η =
∫
dt/a (t) this metric reads
ds2 = C (η)
[
dη2 − dx2 − dy2 − dz2] (2)
where the new scale factor C (η) is defined from a (t) as follows C (η) = a˜2 (η) ≡ a2 [t (η)] .
We choose for the scale factor the form
C (η) = a+ b tanh (λη) + c tanh2 (λη) (3)
where a, b and c are positive parameters.
We can see that this form is the generalization of various particular cases found in liter-
ature; When c = 0, we have a cosmological model with a2 (η) = a + b tanh (λη) which has
been widely studied [36–38]. With a particular choice of parameters a, b and c we get some
models discussed in [39, 40]. In addition, this universe becomes a radiation dominated one
when a = b = 0, c =
a4
0
4λ2
and λ → 0. We can also make connection with a Milne universe
(i.e. a (t) = a1t.) when c = 0, λ = a1, b = a =
a21
2ε
by making the change η → η + ln ε
2λ
and
taking the limit ε −→ 0.
In the first stage we introduce a scalar field propagating in Robertson-Walker space-time
and we give two sets of exact solutions for the Klein Gordon equation. Next we use the
relation between these two sets to determine the probability of pair creation, the density
number of created particles and the vacuum persistence. Finally we discuss some particular
examples.
II. SCALAR FIELD AND KLEIN GORDON EQUATION
Let us consider a scalar matter field Φ with mass m subjected to the gravitational field
described by the metric gµν . The dynamics of this system is in general governed by the
action
S =
∫
d4x
[√−g (−gµν∂µΦ∂∗νΦ−m2ΦΦ∗ − V (g)ΦΦ∗)] (4)
where V (g) is a function of invariant combinations of the metric tensor gµν and its partial
derivatives [41, 42]
V (g) = ξ1R + ξ2R
2
GB, (5)
where R is the Ricci scalar, ξ1 and ξ2 are two numerical factors and R
2
GB is a scalar which
explains the Gauss-Bonnet coupling
R2GB = R
2 − 4RµνRµν +RµνρσRµνρσ. (6)
In such a case the Klein Gordon equation can be written in the form
1√−g∂µ
(
gµν
√−g∂νΦ
)
+
(
m2 + V (g)
)
Φ = 0. (7)
3In the present work we interest only on conformally coupled scalar field (i.e. ξ1 =
1
6
and
ξ2 = 0). If we choose to work with conformal time η which is convenient to the present
coupling and we introduce a new field ψ (x) so that
Φ (x) =
1√
C (η)
ψ (x) =
1√
C (η)
χ (~x)ϕ (η) , (8)
where χ (~x) has, in the case of flat space-time, the form of a plane wave χ (~x) ∼ exp
(
i~k.~r
)
,
we can obtain the simplified equation[
d2
dη2
+ ω2(η)
]
ϕ (η) = 0, (9)
with
ω2(η) = k2 +m2C(η). (10)
Since equation (9) is of second order there are only two independent solutions and all other
solutions can be expressed in terms of these two independent ones. Here we want to find
two sets of independent solutions so that the two functions ϕ±in of the first set behave like
positive and negative energy states at η → −∞ and the two functions ϕ±out of the second
set behave like positive and negative energy states at η → +∞. Therefore, before to look
for exact solutions for equation (9), let us first, examine their behavior when η → ±∞. We
easily obtain
ϕǫin (η) = exp (−iǫωinη) (11)
ϕǫout (η) = exp (−iǫωoutη) , (12)
where ǫ indicates the positive or the the negative frequency mode ( ǫ = ±1) and ωout and
ωin are given by
ωin =
√
k2 +m2 (a + c− b) (13)
ωout =
√
k2 +m2 (a + c+ b). (14)
Note that behaviors in (11) and (12) are the same as semi-classical solutions obtained from
Hamilton-Jacobi equation because the space-time is asymtotically Minkowskian.
Now in order to solve equation (9) we make the change η → ξ, where
ξ =
1 + tanh (λη)
2
. (15)
The resulting equation that takes the form
[
∂2
∂ξ2
+
(
1
ξ
− 1
1− ξ
)
∂
∂ξ
+
(
ω2in
4λ2
1
ξ
− m
2c
λ2
+
ω2out
4λ2
1
(1− ξ)
)
1
ξ (1− ξ)
]
ϕ˜ (ξ) = 0 (16)
4is a Riemann type equation [43][
∂2
∂ξ2
+
(
1− α1 − α′1
ξ
− 1− α3 − α
′
3
1− ξ
)
∂
∂ξ
+(
α1α
′
1
ξ
− α2α′2 +
α3α
′
3
1− ξ
)
1
ξ (1− ξ)
]
ϕ˜ (ξ) = 0 (17)
where
α1 = −α′1 = iωin2λ
α3 = −α′3 = iωin2λ
α2 = 1− α′2 = 12 +
√
m2c
λ2
− 1
4
,
(18)
with the condition α1 + α
′
1 + α2 + α
′
2 + α3 + α
′
3 = 1.
Following [43] we can find for equation (9) several sets of solutions that can be written
in terms of hypergeometric functions. Taking into account the behavior of positive and
negative energy states we can classify our to sets as follows; for the ”in” states we have
ϕ˜+in (ξ) =
1√
2ωin
ξ−i
ωin
2λ (1− ξ)iωout2λ
F
(
1
2
+ i
ω−
λ
+ iδ,
1
2
+ i
ω−
λ
− iδ; 1− iωin
λ
; ξ
)
(19)
and
ϕ˜−in (ξ) =
1√
2ωin
ξi
ωin
2λ (1− ξ)−iωout2λ
F
(
1
2
− iω−
λ
+ iδ,
1
2
− iω−
λ
− iδ; 1 + iωin
λ
; ξ
)
, (20)
with
ω± =
ωout ± ωin
2
(21)
and
δ =
1
2
√
4m2c
λ2
− 1. (22)
The factors (2ωin)
−1/2 and (2ωout)
−1/2 are determined by the use of the following normaliza-
tion condition
ϕ∗kϕ˙k − ϕkϕ˙∗k = 2i, (23)
which explains the conservation of the Klein Gordon particle current.
For the ”out” states we have
ϕ˜+out (ξ) =
1√
2ωout
ξ−i
ωin
2λ (1− ξ)iωout2λ
F
(
1
2
+ i
ω−
λ
+ iδ,
1
2
+ i
ω−
λ
− iδ; 1 + iωout
λ
; 1− ξ
)
(24)
5and
ϕ˜−out (ξ) =
1√
2ωout
ξi
ωin
2λ (1− ξ)−iωout2λ
F
(
1
2
− iω−
λ
+ iδ,
1
2
− iω−
λ
− iδ; 1− iωout
λ
; 1− ξ
)
. (25)
Having shown how to solve Klein Gordon equation for spinless particle conformally cou-
pled to gravitational field described by the metric (2), let us investigate the particle creation
process. In the next section we quantify the scalar matter field and we use the solutions of
the field equation to analyze the problem in question.
III. FIELD QUANTIZATION AND PARTICLE CREATION
In the first stage we write the field operator in it’s Fourier decomposition
ψˆ(~x, η) =
1√
2
∫
d3k
[
ϕ∗k (η)χk (~x) aˆk + ϕk (η)χ
∗
k
(~x) bˆ+k
]
(26)
where, in canonical quantization formalism, the operators aˆk and bˆk verify the following
commutation relation
[
aˆk, aˆ
+
k′
]
=
[
bˆk, bˆ
+
k′
]
= δ
(
~k − ~k′
)
. (27)
With the help of the normalization condition (23) we can find without difficulties the fol-
lowing expression of the Hamiltonian associated with the scalar field system
H =
1
2
∫
d3k
[
Ek (η)
(
aˆkaˆ
+
k + bˆ
+
k bˆk
)
+ F
∗
k (η) bˆkaˆk + Fk (η) aˆ
+
k bˆ
+
k
]
(28)
with
Ek (η) = |ϕ˙k (η)|2 + ω2k (η) |ϕk (η)|2 (29)
Fk (η) = ϕ˙
2
k (η) + ω
2
k (η)ϕ
2
k (η) . (30)
Here we remark that H is not diagonal at any time. For η → ±∞, however, Fk (η) = 0 and
H becomes diagonal. In this situation we can define two vacuum states |0in〉 and |0out〉 .
The state |0in〉 is an initial quantum vacuum state in the remote past with respect to a static
observer and |0out〉 is a final quantum vacuum state in the remote future with respect to the
same observer. This gives some vacuum instability which leads to particle creation.
Now, as we mentioned above, in order to determine the probability of pair creation
and the density of created particles we use the solutions of the Klein Gordon equation by
considering the canonical method based the relation between ”in” and ”out” states. In other
wards Bogoliubov transformation connecting the ”in” with the ”out” states can be projected
in Fock space to be converted into relation between the creation and annihilation operators;
therefore, the probability of pair creation and the density of created particles will be given
in terms of Bogoliubov coefficients.
6So to get connection between ”in” and ”out” modes let us use the relation between
hypergeometric functions [43]
F (u, v;w; ξ) =
Γ (w) Γ (w − v − u)
Γ (w − u) Γ (w − v)F (u, v; u+ v − w + 1; 1− ξ)
+ (1− ξ)w−u−v Γ (γ) Γ (u+ v − w)
Γ (u) Γ (v)
F (w − u, w − v;w − v − u+ 1; 1− ξ) (31)
and the property
F (u, v;w; ξ) = (1− ξ)w−u−v F (w − u, w − v;w; ξ) (32)
to obtain the so-called Bogoliubov transformation connecting ”in” and ”out” states
ϕ+in = αϕ
+
out + βϕ
−
out (33)
ϕ−in = β
∗ϕ+out + α
∗ϕ−out, (34)
where the Bogoliubov coefficients α and β are given by
α =
√
ωout
ωin
Γ
(
1− iωin
λ
)
Γ
(−iωout
λ
)
Γ
(
1
2
− iω+
λ
− i1
2
√
4m2c
λ2
− 1
)
Γ
(
1
2
− iω+
λ
+ i1
2
√
4m2c
λ2
− 1
) (35)
and
β =
√
ωout
ωin
Γ
(
1− iωin
λ
)
Γ
(
iωout
λ
)
Γ
(
1
2
+ iω−
λ
− i1
2
√
4m2c
λ2
− 1
)
Γ
(
1
2
+ iω−
λ
+ i1
2
√
4m2c
λ2
− 1
) (36)
with |α|2 − |β|2 = 1.The relation between the creation and annihilation operators is then
aout = α ain + β
∗b+in (37)
b+out = β ain + α
∗b+in. (38)
For the process of particle creation the probability amplitude that we want to calculate is
defined by
A = 〈0out |aoutbout| 0in〉 . (39)
Taking into account that
bout =
1
α∗
bin +
β∗
α∗
a+out (40)
we obtain
A = 〈0out |aoutbout| 0in〉 = β
∗
α∗
〈0out | 0in〉 . (41)
7The probability to create one pair of particles from vacuum is then
Pcreat. (k) =
∣∣∣∣β∗α∗
∣∣∣∣
2
. (42)
Using the following properties of the Gamma functions [43]
Γ(z + 1) = zΓ(z), (43)
|Γ(ix)|2 = π
x sinh πx
(44)
and ∣∣∣∣Γ(12 + ix)
∣∣∣∣
2
=
π
cosh πx
(45)
we arrive at
Pcreat. (k) =
cosh
(
2π ω−
λ
)
+ cosh (2πδ)
cosh
(
2π ω+
λ
)
+ cosh (2πδ)
. (46)
Let Ck to be the probability to have no pair creation in the state k.The quantity Ck (Pcreat.)n
is then the probability to have only n pairs in the state k. We have
Ck + CkPcreat. + Ck (Pcreat.)2 + Ck (Pcreat.)3 + ... = 1 (47)
or simply
Ck = 1− Pcreat.. (48)
Being aware of
∣∣β∗
α∗
∣∣2 + ∣∣ 1
α∗
∣∣2 = 1, we can find the vacuum persistence which reads
Ck =
∣∣∣∣ 1α∗
∣∣∣∣
2
=
cosh
(
2π ω+
λ
)− cosh (2π ω−
λ
)
cosh
(
2π ω+
λ
)
+ cosh (2πδ)
.
Another important result is the density number of created particles
n (k) =
〈
0in
∣∣a+outaout∣∣ 0in〉 = |β|2 (49)
A simple calculation gives
n (k) =
cosh
(
2π ω−
λ
)
+ cosh
(
π
√
4m2c
λ2
− 1
)
cosh
(
2π ω+
λ
)− cosh (2π ω−
λ
) . (50)
Here we note that the density number of created particles can be written as
n (k) =
1∣∣∣αβ ∣∣∣2 − 1
, (51)
8and for large frequencies n (k) becomes a thermal Bose-Einstein distribution
n (k) =
1
exp
(
2π
λ
ωin
)− 1 . (52)
From equation (50) one can see that the pair creation process is more important for low
impulsion and n (k)→ 0 when k →∞ (i.e. k >> 1). Also, for a− b+ c 6= 0 and a+ b > c,
it is clear that n (k)→ 0 when m >> 1.
IV. SPECIAL CASES
In order to illustrate our calculation let us in this section discuss some particular cos-
mological models such as radiation dominated universe and the Milne universe which are of
interest and have been studied by other authors and by using other techniques. We start by
radiation dominated universe.
A. Radiation dominated universe
Considering the case when a = b = 0 and c =
a40
4λ2
and taking the limit λ → 0, we make
connection with the well-known phase of radiation dominated universe
C (η) =
a40
4
η2 (53)
and
a (t) = a0
√
t. (54)
In this case the probability to create a pair of particles will be
Prad. (k) = lim
λ→0
exp
(
π
√
4m2c
λ2
− 1− 2πω
λ
)
1 + exp
(
π
√
4m2c
λ2
− 1− 2πω
λ
) . (55)
Taking into account that
π
√
4m2c
λ2
− 1− 2πω
λ
= m
a20
2λ2
√
1 +
4λ2k2
m2a40
− 1
2
m
a20
λ2
√
1− λ
4
a40m
2
≈ k
2
ma20
(56)
we get
Prad. (k) =
exp
[
−π 2k2
ma2
0
]
1 + exp
[
−π 2k2
ma2
0
] . (57)
The density number of created particles will be
n (k) = exp
(
−2πk
2
ma2
0
)
. (58)
9This results coincide exactly with those found in literature [23].
For the vacuum to vacuum probability we can write
Pvac→vac = exp (−2 ImSeff)
=
∏
k
Ck
=
∏
k
exp [− ln (1 + σ)]
= exp
[
−
∑
k
ln (1 + σ)
]
, (59)
where σ = exp
(
−2πk2
ma2
0
)
. Consequently, we have
2 ImSeff =
∑
k
ln (1 + σ) . (60)
Expanding the quantity ln(1 + σ), we get
2 ImSeff =
∫
d3k
(2π)3
∑
n=1
(−1)n+1
n
exp
(
−nπ 2k
2
a20m
)
. (61)
By doing integration over momentum k
2 ImSeff =
(
a20m
8π2
) 3
2 ∑
n=1
(−1)n+1
n
5
2
(62)
and summing over n, we obtain the following result
2 ImSeff = 0.867
(
ma20
8π2
) 3
2
. (63)
It is clear that the effect becomes important as soon as the factor a0 approaches the critical
value
a2cr ∼
8π2
m
(64)
and the pair production rate is of order of
(
a0
acr
)3
.
B. Milne universe
Now we consider the example of Milne universe defined by the scale factor a (t) = a1t. In
term of conformal time this scale factor reads
C (η) = a2 (η) = a21 exp (2a1η) . (65)
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As is mentioned above this case may be obtained from (3) by considering the case c = 0,
λ = a1, b = a =
a21
2ε
, making the change η → η + ln ε
2λ
and taking the limit ε −→ 0. In these
conditions the probability to have one pair creation will be
Pcreat. = exp
(
−2π
a1
k
)
, (66)
which is in agreement with the same probability calculated by other authors [23].
The vacuum persistence is
Ck = 1− exp
(
−2π
a1
k
)
(67)
and the vacuum to vacuum probability takes the form
exp (−2 ImSeff) =
∏
k
Ck
= exp
[∑
k
ln
(
1− exp
(
−2π
a1
k
))]
(68)
from which we draw the imaginary part of the effective action
2 ImSeff = −
∑
k
ln
(
1− exp
(
−2π
a1
k
))
(69)
Making the Taylor expansion of the logarithm function
2 ImSeff =
∫
d3k
(2π)3
∑
n=1
1
n
exp
(
−n2π
a1
k
)
(70)
and summing over n we obtain
2 ImSeff = 1.2× a
2
1
4π4
. (71)
Here we remark that the pair production rate is of order of a21.
C. Other particular cases
Since the creation of superheavy particles with the mass of the Grand Unification scale
in the early Universe has many important cosmological consequences [44–46] we want to
discuss in this paragraph cases with m >> 1. In general when m >> 1, we have shown that
n (k)→ 0. However, when a− b+ c = 0 or c > a+ b we remark that n (k)→ Cst > 0 even
if m >> 1. This implies that it is possible to create superheavy particles in this model.
Let us mention that if we put c = 0, we obtain the same results as those found in [37–40]
and when a =
(
1+ε
2
)2
; b = 1−ε
2
2
; c =
(
1−ε
2
)2
our results coincide with those of [39, 40].
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V. CONCLUSION
In this paper we have studied the creation of scalar particles in some flat Robertson-
Walker space-times. We have considered the canonical method based on Bogoliubov trans-
formation connecting the ”in” with the ”out” states. We have given two sets of exact
solutions for the Klein Gordon field equation and we have used these solutions to expressed
the probability of pair creation and the density of created particles in some closed forms.
Then we have discussed some particular cosmological models where our results become the
same as those obtained by other authors. For the radiation dominated universe and the
Milne universe we have calculated the vacuum to vacuum transition probability and we
have extracted the nonvanishing imaginary term of the effective action that means that cre-
ated particles are real and not virtual ones. We have shown also that creation of superheavy
particles may be important in the case when a− b+ c = 0 or c > a+ b.
[1] N.D.Birrell and P. C. W.Davies, Quantum Fields in Curved Space (Cambridge Univ. Press,
Cambridge1982).
[2] S. A. Fulling, Aspects of Quantum Field Theory in Curved Space-Time (Cambridge University
Press, Cambridge 1985)
[3] V. F. Mukhanov and S. Winitzki; Introduction to Quantum Effects in Gravity (Cambridge
Univ. Press, Cambridge, 2007).
[4] A. A.Grib, S. G. Mamayev, and V.M.Mostepanenko,Vacuum Quantum Effects in Strong Fields
( Friedmann Lab. Publ.,St. Petersburg 1994).
[5] L. Parker and D. J. Toms Quantum Field Theory in Curved Space-time: Quantized Fields
and Gravity (Cambridge University Press, Cambridge 2009).
[6] S. Debnath and A. K. Sanyal; Class. Quantum Grav. 28 (2011) 145015
[7] J. A. S. Lima, F. E. Silva and R. C. Santos, Class. Quantum. Grav. 25 (2008) 205006.
[8] V. Sahni and S. Habib, Phys. Rev. Lett. 81 (1998) 1766
[9] L. Kofman: Preheating After Inflation, Lect. Notes Phys. 738, (2008) 55 (Springer-Verlag
Berlin Heidelberg 2008)
[10] J. Martin: Inflationary Perturbations: The Cosmological Schwinger Effect, Lect. Notes
Phys.738, (2008)193 (Springer-Verlag Berlin Heidelberg 2008)
[11] S. W. Hawking and J. B. Hartle, Phys. Rev. D 13, (1976) 2188.
[12] L.Parker, Phys.Rev. Lett. 21 (1968) 562.
[13] L.Parker, Phys.Rev. D 183 (1969) 1057.
[14] L.Parker, Phys.Rev. D 3 (1971) 346.
[15] Ya. B. Zel’dovich and A. A. Starobinski; Sov. Phys.JETP 34 (1972) 1159
[16] A. A. Grip, S. G. Mamayev and V. M. Mostepanenko : Gen. Rel. Grav. No.6, (1976) 538.
[17] A. A. Grip, S. G. Mamayev and V. M. Mostepanenko Gen. Rel. Grav. 7 (1976) 535
[18] A. A. Grip, S. G. Mamayev, et V. M. Mostepanenko, J. Phys. A: Math. Gen 13 (1980) 2057
[19] J. Haro and E. Elizald; J.Phys. A: Math. Theor. 41 (2008) 372003.
[20] J. Haro;J.Phys. A: Math. Theor. 44 (2011).
[21] S. Gavrilov, D.M. Gitman, and S.D. Odintsov, Int. J. Mod. Phys. A 12 (1997) 4837
[22] I.L. Bukhbinder, Izv. Vyssh. Uchebn. Zaved. Fiz. 7 (1980) 3.
[23] I. H. Duru, N. U¨nal : Phys. Rev. D 34 (1986) 966.
12
[24] D. M. Chitre and J. B. Hartle, Phys. Rev D. 16, (1977) 251.x
[25] J. Garriga; Phys. Rev. D 49 (1994) 6343
[26] V. M. Villalba Phys. Rev. D 60 (1999) 127501
[27] V. M. Villalba and W. Greiner; Phys. Rev. D 65 (2001) 025007
[28] V. M. Villalba; Progress of Theoretical Physics, No.4 (1993) 859..
[29] S. Biswas, J. Guha and N. G. Sarkar; Class. Quantum Grav. 12 (1995) 1591
[30] J. Guha, D. Biswas, N. G. Sarkar and S. Biswas; Class. Quantum Grav. 12 (1995) 1641
[31] S. Biswas, A. Shaw and P. Misra; Gen. Rel. Grav. 34 (2002) 665
[32] S. Biswas and I. Chowdhury; Int. J. Mod. Phys. D 15 (2006) 937
[33] S. Winitzki; Phys. Rev. D 72 (2005) 104011
[34] E. Akhmedov; Mod. Phys. Lett. A 25 (2010) 2815
[35] S. P. Kim; arXiv:1008.0577v1 [hep-th]
[36] C. Bernard, A. Duncun, Ann. Phys. 107 (1977) 201.
[37] M.R. Setare, Int. J. Theor. Phys. 43 (2004) 2237.
[38] F. Pascoal, C. Farina, Int. J. Theor. Phys. 46 (2007)
[39] S. Moradi; Int. J. Theor. Phys. 47 (2008) 2808.
[40] S. Moradi; Journal of Geometry and Physics 59 (2009) 173,184
[41] Yu. V. Pavlov, Theor. Math. Phys. 140, (2004) 1095.
[42] Yu. V. Pavlov; Grav. and Cosmol. 14 (2008) 314
[43] I. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and Products (Academic Press,
New York 1979)
[44] A. A. Grib and Yu. V. Pavlov, Int. J. Mod. Phys. D11, (2002) 433;
[45] A. A. Grib and Yu. V. Pavlov, Int. J. Mod. Phys. A17, (2002)4435.
[46] A. A. Grib and Yu. V. Pavlov, Grav. and Cosmol. 8, Suppl., (2002) 148; Grav. and Cosmol.
8, Suppl. II, (2002) 50.
